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Abstract 

We describe the time evolution of quantum systems in a classical background space- 
time by means of a covariant derivative in an infinite dimensional vector bundle. The 
corresponding parallel transport operator along a timelike curve C is interpreted as the 
time evolution operator of an observer moving along C. The holonomy group of the 
connection, which can be viewed as a group of local symmetry transformations, and the 
set of observables have to satisfy certain consistency conditions. Two examples related 
to local S0(3) and U(l)-symmetries, respectively, are discussed in detail. The theory 
developed in this paper may also be useful to analyze situations where the underlying 
space-time manifold has closed timelike curves. 
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1 Introduction 



The state vector in quantum theory is an object that describes the knowledge about a physical 
system. In the case of a local quantum field theory in a possibly curved space-time background, 
the maximum knowledge about the system can be encoded in a state vector that is defined 
for a spacelike hypersurface S [|l|]. This is the case because observables whose space-time sup- 
ports are separated by a spacelike distance commute and can thus be separately diagonalized. 
In the definition of states it is implicitly assumed that the space-time manifold M can be 
foliated by a set of spacehke hypersurfaces S\, where A is a real parameter; see Fig. |l]. The 
evolution of the system is then given by a Schrodinger equation]^ of the form 

±.^s, = H.^I^s,. (1) 

A plays the role of a global time coordinate. The approach of slicing space-time by spacelike 
hypersurfaces has the disadvantage that the time evolution is not easily generalized to space- 
time manifolds with closed timelike curves or similar causal obstructions, since sometimes it is 
not possible to find a global foliation Sx- 




Figure 1: Foliation of space-time by spacelike hypersurfaces. 

Here we try to give a formulation of quantum theory that in principle allows a description 
of the time evolution of a system even in the problematic cases just mentioned. The key 
observation is that knowledge is always knowledge by an observer B. Let be i?'s worldline, 
where r parametrizes C; one can think of r as 5's eigentime. We will associate with every curve 
C a state vector \I'c(t) depending on the curve C and on the curve parameter r. For B, the 

^For simplicity we assume H\ to be anti-Hermitian in order to avoid factors of i. 
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state evolution will be described by a Hamiltonian operator Hc{t) in the form of a Schrodinger 
equation 

^^c(r) = Hc{r)^c{r). (2) 

The Hamiltonian operator depends on the space-time curve C. By integrating Eq. we may 
define a unitary evolution operator Uc{t,To) satisfying the equation 

drUc{T,To) = Hc{t)Uc{t,to) (3) 

with the initial condition Uc{tq,tq) = 1. For a curve V : [a,b] ^ M we may define Uxi by 
Uv{b,a) (i.e. by the evolution operator from the beginning to the end of the curve). We 
will assume, for simplicity, that all observables under consideration are scalar quantities such 
that two observers Bi, B2 at the same space-time point x could use the same state vector \1/ 
regardless of the relative orientation of their coordinate systems and their relative velocity. 

For two curves V, £ with the property that the endpoint of V is the starting point of let 
£ oVhe the concatenation of T> and £, i.e. the curve that is obtained by first following T> and 
then £] see Fig. ||. 




Figure 2: Concatenation of two curves. 



We assume that the specific parametrisations of the curves are irrelevant; physics should 
be independent of the coordinates chosen. We certainly require that the evolution operators 
satisfy 

Ueov = Ue oUv, (4) 
which is a compatibility condition with Eq. (^). Moreover, we require that 



(5) 



where is the curve V traversed in the opposite direction. All these properties are precisely 
those of parallel transport operators. This fact suggests a formulation in the language of 
differential geometry, which will be developed in Section 0. 
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The connection of the vector bundle introduced there will, in general, possess a non-trivial 
holonomy group. Since the expectation values, predicted by two observers B, C for a mea- 
surement at a system should not differ, the non-trivial holonomy leads to certain consistency 
conditions. It turns out that the consistency conditions can be interpreted as a structure of local 
symmetry transformations. The group of these symmetry transformations at a space-time point 
a; is a representation of the loop group at x. We investigate this structure in Section ^ Two 
examples related to local S0(3) and U(l)-symmetries, respectively, are discussed in Section ^. 
The paper closes with a summary and some conclusions. 



2 A Formulation in the Language of Differential 
Geometry 

We formulate in this section the evolution of quantum systems in a differential geometric 
framework^. As we have seen in the preceding section, the evolution operators Ut> have the 
properties of parallel transport operators. In general, they act on a fibre bundle tt^ : G ^ M 
over the (connected) space-time manifold M. The fibre '■= ttq^{x) over x is isomorphic to a 
Hilbert space H. The state of the quantum system, as described by an observer at x G M, is 
an element of G^- 

For a curve T> : [a,b] M, Ut> maps Gd^ onto Gv,,- Under suitable differentiablity 
conditions the parallel transport operators Ud have an infinitesimal representation in terms of 
a connection or covariant derivative D on the bundle ttg. In a local coordinate system $ given 
by 



G 



w 



W xH, WCM, G U G,, (6) 

D can be expressed as D = d — H, where d = d^- dx'^ is the differential on W, and H = dx'^ 
is an operator-valued one-form on M. As will be seen shortly, H transforms like a gauge field 
under a change of the frame. In the local frame $, the evolution operator Hc{t) introduced 
above is Hc{t) = Hfj_{Cr)C!^, where the dot denotes differentiation with respect to the curve 
parameter. Therefore, 

dr Uc{t, To) = H^iCr) C!^ Uc{r, tq). (7) 
Under a change of coordinates 

X = $2 0<l>7\ (8) 

the representative (x, \E') = of a vector over x in the frame $i is mapped via x i^ito 

the representative {x,V{x)'$) = $2(V') the frame $2 , where V{x) is a unitary operator on 
H (we assume that the structure group of ttg is a group of unitary operators). If H^^ is the 

^We do not attempt to formulate everything in a mathematically rigorous way and rather concentrate on 
the conceptual development instead. 
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generator of parallel translations in the frame $i, then the corresponding generator if^^ the 
frame $2 is 

H^^{x) = V{x)H^,{x)V{x)-^ + dV{x)V{x)-\ (9) 

satisfying (d — H^^){V'^) = V{d — iJ<j,J\[^. This transformation law is that of a gauge field. 
The inhomogeneous term arises because the unitary transformation operator V will, in general, 
depend on the space-time point x. 

Up to now, we have just considered the evolution of the state vectors. We now discuss the 
question of observables. Let OH be a set of observables. We think of A e OK as some scalar 
observable like the field strength of a scalar field. In general, however, A may be any scalar 
quantity that can be measured by means of a suitable 'infinitesimal measuring device' at any 
space-time point. It should be noted that the observables A do not carry a space-time index. 
In order to associate observables to space-time points, we assume that there is a mapping ip 
of the set of observables into the algebra of operators on G, such that <f{A) = A^p for A G 071 
maps every fibre Gx into itself. 

In order to calculate expectation values of observables, a Hermitian inner product P{ip,^) = 
for vectors ip, ^ from the same fibre of G is needed. The quantity {ip\A^\ilj) / (iplip) is 
interpreted as the expectation value for the observable A at the space-time point x if the state 
of the system is described by an observer S at x by means of the state ip & G^- 

Let the prototype Hilbert space 7i be equipped with the Hermitian inner product [•!•]. Then 
the expression (iplA^lC,) for tp, ^ G G^ can be written in a local frame $ as 

im^io = [$wip$(x)A^$(x)i$(e)], (10) 

where P^{x) is a Hermitian operator (Hermitian with respect to [-I-]) representing the inner 
product P in the fibre Gx over x, and A^<s,{x) is a Hermitian operator (Hermitian with respect 
to [■|P$(x)-]) corresponding to the observable A. Under the change of frame in Eq. (^) the 
inner product P and the operators transform like 

P^,{x) = V{x)P^,{x)V{x)-\ (11) 
A^^{x) = V{x)A^^{x)V{xy\ (12) 

We assume that the inner product P and the covariant derivative are compatible. In terms of 
the parallel transport operators this means that 

{UvipwvO = m), (13) 

where ip, ^ are vectors from the fibre of G over the starting point of V. 

So far we have considered the prediction by an observer i? at a; of expectation values for 
measurements of observables at x. We now give a prescription for the prediction of expectation 
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values of measurements ai y ^ x. The idea is simple: let V'b be the state vector used by B at 
X. Choose a curve P : [a, 6] — > M connecting x = Va and y = Vi, and transport ipB from x to 
y via V's = Uvi^B along V. Define the expectation value for a measurement of A a.t y to be 
{ip'^\A^{y)\'ilj'^) (we assume {iPb\'4'b) = general, t/'b depends on the curve V chosen. The 

consistency conditions resulting from this dependence will be discussed in the next section. As 
a preparation of this discussion, we consider the curvature F = of the connection D. F is 
an operator-valued two-form, mapping two tangent vectors v, w of the tangent space T^M of 
M at X and a vector ip & into a vector F{v,w)ip G G^- F is a measure for how much the 
parallel transport around an infinitesimal closed loop fails to be the identity, 

Ui3=l+T^F{V,W), (14) 

where jS is the infinitesimal closed loop (r ^ 1) connecting the points {x,x + tv,x + tv + 

TW, X + TW, x). 

3 Consistency Conditions and the Local Symmetry 
Structure 

We now consider the dependence on the curve V joining x and y of predictions for measurements 
at y by an observer B at x. Let S be another curve joining x and y; see Fig. |^. The prediction 
will then be {ilj^\A^{y)\'ilj^) . Certainly the expectation value should not depend on the path 
chosen, so we require 

{^^\am\^b) = {^B\My)\^i)- (15) 

Thus, 

{Uvi^B\A^{y)\Uv^B) = {Ue^B\A^{y)\Ue^B). (16) 
This condition can be rewritten as 

{Uv^B\Uo^A^{y)U-' - A^{y)\Uv^B) = 0. (17) 

Here the closed loop a is defined by a = o S^^. The condition has to be satisfied for all y, 
for allipB G Gx and for all curves V, 8 joining x and y. Therefore, since Ux> is an isomorphism, 
the condition 

{i\Uo.A^{y)U-' - A^{ym = Q (18) 
has to hold for all ^ E Gy and for all closed loops a located at y. As a consequence, 

[Ua,A^{y)] = (19) 

if all vectors ^ are physical. 

The set of all parallel transport operators Ua along closed loops a located at the same point 
y forms a group, the so-called holonomy group Sj{y) of the connection D at y. The relation 
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Eq. (19) expresses the fact that the holonomy group at y has to commute with all observables 



at y. The Ua transform states into states and have to leave observables invariant. This is to 
say that they act as local symmetry transformations. These transformations are not related to 
the transformations of the change of coordinates Eq. (|^) in Section On the contrary, they 
do transform state vectors non-trivially. 

The holonomy group S^{y) is a representation of the loop group £(?/) oi M aXy 0. The loop 
group as a set consists of classes [a] of closed loops at where two loops a, (3 are equivalent, 
a ~ /?, if /? can be obtained from a by inserting or deleting curve segments of the form 
JF o JF^^, see Fig. H. Group multiplication is defined by [a] o [[3] = [a o /?], and the inverse 
by [a]^^ = [«^^]- Let £,^{y) be the subgroup of £,{y) consisting of the classes [a] of closed 
loops a which are homotopic to 0, i.e. which can be smoothly contracted to the constant curve 
at y. Let S)^{y) be the restricted holonomy group consisting of operators Ua for [a] G 
(see [^). It is known that S}^{y) is a normal subgroup of S}{y), and that the factor group 
Sj{y)/S)^{y) is discrete^. The first homotopy group TTi{M,y) of the space-time manifold M has 
a representation in this discrete group. Thus the topology of space-time is partly reflected in 
the structure of the observable algebra in the form of a discrete factor group of the group of 
symmetry transformations. The condition [Ua, A^{y)] = for {a} G 7ii{M,y) {{a} being the 
homotopy class of a) can alternatively be interpreted as a discrete 'quantization condition'. 

If the set of observables 971 is complete in the sense that the condition tr(A^p) = for 

a density matrix p, for all curves V and for all observables A G OH has the consequence 

that p = 0, then for all closed loops a the corresponding parallel transport operator is a 

phase transformation, Ua = e*'^". We can construct a 'projective bundle' vrpc : PC ^ M by 

identifying all ip, i^' ^ Gx \ {0} with ip = Xip', A G C \ {0}. The U-v define operators Pf/p acting 

^This is true in the case of a finite dimensional bundle. We assume that the same is true in the infinite 
dimensional case^. 
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Figure 4: Equivalent closed loops. 

as parallel transport operators in npc- In the case just mentioned, FUv = id. Therefore the 
bundle ttpg is trivial since parallel transport does not depend on the path chosen, and thus a 
global frame can be constructed. 




Figure 5: The local consistency condition. 

The condition [Ua, A^{y)] = for all null homotopic loops can be rewritten in terms of the 
curvature F. For a curve V joining x and y we define the operator on by the expression 
U^^A^{y)Ux>- A'^ maps into G^ and obviously fulfils the relation 



{^^\A^{yM^) = {ijBK\^B). 



(20) 



Now we consider a closed loop P at x. a = V o p o is a closed loop at y, see Fig. |[ The 
consistency condition [Ua, A^{y)] = can be rewritten as [f/g, A^] = 0. If we now consider the 
case of an infinitesimal closed loop (3 at x, then the condition finally reads [F^ 



X] 



0, cf. 



Eq. ([T^)- The curvature tensor at x has to commute with all observables parallel-transported 
to X along arbitrary curves. 

Assume that an observer B at x ^ M wants to give a description of measurements performed 
in a remote space-time region U C M. We assume that U is contractible. Then there is a map 



h : U xl 



(21) 
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where / = [0,1], with the property that h{y,0) = y, h{y,l) = x for all y E U (see Fig. ^). 
Mathematically, h is a homotopy of the inclusion map tu '■ U ^ M and the constant map 
: f/ ^ M, c^{y) = x. 




Figure 6: A contraction of U to x. 

Define the family of curves £y by Sy^r) = h{y,T). Thus £y joins y and x. The curves £y 
allow us to define a local representation of U at x as follows. Define operators 

A,,{y)'^U,e/=^Ue^A,{y)Ui^' = Af' . (22) 

A^phiy) is an operator on the fibre Gx- The expectation value for A at y E U, given that i?'s 
state vector is ipB, is {4'B\Ay,h{y)\i^B)- In a local frame, the operators A^£y\^ satisfy the equation 

drA^eyi. = [H,i£rK^,A^ey\.]. (23) 
Here V\t is the restriction of the curve T> : [a,b] M to the interval [a, r]. 

4 Applications 

In order to develop instructive examples, we study a simple class of systems. We assume that 
the space-time manifold is a product M = 5* x T of a 'space' manifold 5* and a one-dimensional 
'time' manifold T. The bundle under consideration is a trivial bundle G = M x Ti. A point in 
G is of the form (x, t, ?/'), where x E S, t E T, ip E Ti. Let E T he a fixed instant of time. 
Define St = S x {t}, and in particular = St^. We assume that there are fields Fi{x) defined 
on 5*0 fulfilling 

[F,(f),F,(y)]=0 (24) 
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for X ^ y. i is an index labelling different fields. The parallel transport generators are 
assumed to have the following property: 



(25) 



where the Xl^{x,t,y) are complex numbers. Now consider the one-parameter set of operators 
Fie\T = U£\T^iiy)U£\l^ where £^ is a curve with starting point {y,to). Fis\^ is a solution of the 
equation 

d^F,e\^ = [H^{Sr)S^,F,e\^. (26) 
We assume £ to be fixed. In order to solve this equation explicitly we make the ansatz 



Inserting the ansatz into Eq. ( p6D and making use of Eq. (|25|), we obtain 



(27) 



f28) 



This is an ordinary differential equation for the matrices giir). The solution will be denoted 
by Qg^^i- The solution for Fi£\^ is then Fi£\^ = g-'^^^-Fj{y). In particular, Fi£ = g^^Fj^y). Now 
we consider a closed loop /3 at x, where £ is assumed to connect {y,t) and x, see Fig. |^. 




Figure 7: A local symmetry transformation of a field at {y,to). 

Then, in an obvious notation, 

{F.e)p = F,p,e = g^MFM^ (29) 
= g''fsiiif)ggiiy), and g^i{y) for a curve V : [a,b] ^ M satisfies the differential 

drg'v^Jy) = g^M) >^li^r, y) V'^ (30) 
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where ^^^^^ 
equation 



with the initial condition g^^^^iy) = Sj. 

Under parallel transport along (3, Fi£ is transformed into gp^{y)Fj£. Now assume a homotopy 
h mapping U C Sq onto x. The representation of the fields Fi at y = {y,t()) is Fis^. The 
transformation of Fis^ depends on y, namely {Fi£y)i3 = gj^^{y)Fj£y. Because of this y-dependence, 
the transformations are different for every space-time point: they are local. 

It can easily be seen that the condition for the matrices g^^^ to be unitary is that 

= ~KtJL- (31) 

If this is the case, an observable A invariant under holonomy transformations can be constructed 
hy A = Y,i FiFi- Since g'^pgp = 1, we obviously have Af3 = A. 

We now consider two explicit examples. The first one is based on three fields Tj, i = 1, 2, 3 
on M = X M. We assume that the Tj fulfil the algebra 

[T,(x),T,(y)] = ze,/Tfe(x)5(f-y). (32) 

The antisymmetric symbol e is defined by ei2'^ = (—1), £123 = (+!)• We define the operators 

H^{x) = ~i I dzh^(x,z)n{z), (33) 



'So 

where the h^{x, z) are real numbers. The commutators of the with the fields are 

[H,ix),T0)] = h%x,y)e,,^T,{y)- (34) 

Therefore in this case 

><'i^,{x,y) = hl{x,y)eu^. (35) 

The condition in Eq. (^) is obviously satisfied. The solutions g'^^^iiy) of Eq. ( pOD are therefore 
S0(3)-matrices. For closed curves /5, the parallel transport operator transforms Ti£y into 
the SO(3)-rotated field gpi{y)Tj£y. If we moreover assume that the h^{x,z) are ^-independent, 
i.e. 

H^{x) = -zhlix) f dm{z), (36) 

J So 

then the rotation matrices gpi{y) are ^-independent; the symmetry is global. 

In the second example we assume that the space-time manifold is a torus M = R'^^^ x S^; 
this manifold possesses closed timelike curves. We assume fields qi{x), i = 1,2, fulfilling 

hix),q,iy)] = (37) 

and assume that there are conjugated momenta Pi{x) such that 

[Pi{x),qj{y)] = -iSij6{x-y). (38) 
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The generators are defined by 

(39) 



dzh^{x,z) {pi{z)q2iz) - p2{z)qi{z)) + h.c. 

So 



They satisfy the equation 



[H^{x),q,{y)] = h^{x,y)ei' qj{y). (40) 

e is the antisymmetric symbol with ei^ = 1. Here \l^{x,y) = h^{x,y)ei' . The matrices gi^^^^{y) 
are S0(2) = U(l)-matrices; they simply rotate the fields qi, q2 into each other. Finally we 
consider the particularly simple case of quantum mechanics on a closed timelike curve. We set 
d = 1, thus reducing the space manifold 5 to a single point. A closed curve a starting and 
ending in Tq G can, up to homotopy transformations, be classified by its winding number 
n G Z. Let 

(cos6' sin6' \ , , 

— sm cos o I 

be the 2 x 2-matrix corresponding to a parallel transport of qi and q2 around a closed curve 
with winding number 1. The corresponding transformation for a curve with winding number 
n is (7". U 6 = 27rm, m G Z, then g = H. If = 27rg, with q being a rational number, but not 
an integer, then the set {g"'} is isomorphic to one of the groups Z;, / G N, / > 1. If 6 = 27rr, r 
being an arbitrary irrational number, then the set is dense in U(l). 

5 Summary and Conclusions 

In this paper we have developed a geometric formulation of quantum theory on a space-time 
manifold. The evolution of the state vector is formulated as a parallel transport along the 
observer's worldline in a vector bundle over the space-time manifold. A non-trivial holonomy 
group of the corresponding connection can be viewed as a local symmetry group since the 
parallel transport of state vectors (or observables) along closed loops should leave expectation 
values invariant. 

The evolution of the state vector is given by a Schrodinger equation and therefore always 
unitary. This may offer the possibility to formulate a consistent unitary quantum field theory 
in the presence of closed timelike curves, where the standard formulation fails 0, |, 

Holonomies arise in the case of quantum systems in a different situation as well. A quantum 
system can acquire a non-trivial Berry phase ^ (or one of its non-Abelian generalizations, see 
1^, |TU[) if, in the case of adiabatic time evolution, its parameters are changed from the outside. 



In this case time evolution is described by a Hamiltonian H{X{t)), where X{t) denotes the 
set of external time-dependent parameters. Under certain circumstances, a Berry phase is an 
observable quantity. In the theory developed in this paper the situation is different. The objects 
describing the time evolution are the generators of the parallel transport operators themselves. 
The non-trivial phase is acquired if the point of description of the system is parallel-transported 
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along a closed curve in space-time, not in a parameter space. And, finally, the phase is not 
observable. Precisely because of the latter property the non-trivial holonomy gives rise to a 
symmetry. 

Open questions are related to the following issues. 



□ We assumed that the generators i/^ of the parallel transport operators and the represen- 
tation if of the set of observables were given a priori. In order to study realistic models, 
the should be derived from some basic principle. It would certainly be desirable to 
make contact with Lagrangian field theories^. 

□ The theory was formulated as a way of describing a quantum field, say, in a background 
space-time. A similar description, however, is applicable for a quantum system located 
in a small region of space being moved around in space-time. The corresponding parallel 
transport operators are then active transformations. 

□ The measurement process must also be formulated consistently. The possibility of a 
non-trivial 'twisted' bundle tiq '■ G —>■ M may be important here. 

□ So far only scalar observables have been considered. The theory can easily be extended 
to vector observables by considering bundles ttg' '■ G' — > TM over the tangent bundle of 
M. Similarly tensor and spinor objects can be treated. In the cases just mentioned a 
new structure has to be constructed: that of state transformations at a point, connecting 
the state vectors of observers whose coordinate systems are related by general coordinate 
transformations. 

□ A further complication arises if the Unruh effect is taken into account: accelerated ob- 



servers will register events even if the system is in the vacuum state ||ri|. The formalism 
would have to be extended to mixed states, and the set of states would be a bundle 
over the jet bundle of M, thus allowing us to take into account higher derivatives of the 
observer's worldline (i.e. the observer's acceleration). 

□ We have interpreted the holonomy group as a group of local symmetry transformations. 
A very interesting question is whether this local symmetry can in general be related to a 
gauge symmetry acting on internal degrees of freedom. 



^ It is even conceivable to formulate a 'quantum gauge theory' of the 'gauge field' H^{x) and the 'matter 
fields' Fi{x) by means of a 'quantum action' 



5 = / &x^/g[x) 

J M 



-itr [F^^^F^^'^) + tr (D^i^,(x)D^F,;(x)) 



(42) 



where 'tr' is the trace in the corresponding fibre of the vector bundle vtg, is the field strength of and 
Df_i = — Hf^ the covariant derivative, if^ and Fi would then be the solutions of the classical equations of 
motion derived from the variational principle SS = 0. 
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□ A final remark concerns the use of a classical background space-time. A similar formula- 
tion of quantum theory should be possible as soon as the 'background structure' admits 
the geometric objects used in this paper, i.e. bundles and parallel transport operators. 
This remark may apply to non- commutative structures |]12| and to quantum spaces 



but also to quantum sets |14| and to algebraic and geometric lattices. 
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1 Introduction 



The state vector in quantum theory is an object that describes the knowledge about a physical 
system. In the case of a local quantum field theory in a possibly curved space-time background, 
the maximum knowledge about the system can be encoded in a state vector $s that is defined 
for a spacelike hypersurface S [1]. This is the case because observables whose space-time sup- 
ports are separated by a spacelike distance commute and can thus be separately diagonalized. 
In the definition of states $s it is implicitly assumed that the space-time manifold M can be 
foliated by a set of spacelike hypersurfaces S\, where A is a real parameter; see Fig. 1. The 
evolution of the system is then given by a Schrodinger equation^ of the form 

=^A*5.. (1) 

A plays the role of a global time coordinate. The approach of slicing space-time by spacelike 
hypersurfaces has the disadvantage that the time evolution is not easily generalized to space- 
time manifolds with closed timelike curves or similar causal obstructions, since sometimes it is 
not possible to find a global foliation S\. 




Figure 1: Foliation of space-time by spacelike hypersurfaces. 

Here we try to give a formulation of quantum theory that in principle allows a description 
of the time evolution of a system even in the problematic cases just mentioned. The key 
observation is that knowledge is always knowledge by an observer B. Let C-r be 5's worldline, 
where r parametrizes C; one can think of r as 5's eigentime. We will associate with every curve 
C a state vector $c(''") depending on the curve C and on the curve parameter r. For the 

^For simplicity we assume H\ to be anti-Hermitian in order to avoid factors of i. 
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state evolution will be described by a Hamiltonian operator Hc{t) in the form of a Schrodinger 
equation 

-^*c(r) = Hc{T)^c{r). (2) 
dr 

The Hamiltonian operator depends on the space-time curve C. By integrating Eq. (2) we may 
define a unitary evolution operator Uc{t,To) satisfying the equation 

drUc{T,To) = Hc{t)Uc{t,to) (3) 

with the initial condition Uc{to,To) = 1. For a curve T> : [a,b] ^ M we may define U-p by 
U-r>{b,a) (i.e. by the evolution operator from the beginning to the end of the curve). We 
will assume, for simplicity, that all observables under consideration are scalar quantities such 
that two observers Bi, B2 at the same space-time point x could use the same state vector $ 
regardless of the relative orientation of their coordinate systems and their relative velocity. 

For two curves I), £ with the property that the endpoint of D is the starting point of let 
£ oD he the concatenation of D and £, i.e. the curve that is obtained by first following D and 
then £\ see Fig. 2. 




Figure 2: Concatenation of two curves. 



We assume that the specific parametrisations of the curves are irrelevant; physics should 
be independent of the coordinates chosen. We certainly require that the evolution operators 
satisfy 

Ueov = Us oUv, (4) 
which is a compatibility condition with Eq. (3). Moreover, we require that 

Uv-^ = Ui\ (5) 

where 'V~^ is the curve D traversed in the opposite direction. All these properties are precisely 
those of parallel transport operators. This fact suggests a formulation in the language of 
differential geometry, which will be developed in Section 2. 
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The connection of the vector bundle introduced there will, in general, possess a non-trivial 
holonomy group. Since the expectation values, predicted by two observers C for a mea- 
surement at a system should not differ, the non-trivial holonomy leads to certain consistency 
conditions. It turns out that the consistency conditions can be interpreted as a structure of local 
symmetry transformations. The group of these symmetry transformations at a space-time point 
a; is a representation of the loop group at x. We investigate this structure in Section 3. Two 
examples related to local S0(3) and U(l)-symmetries, respectively, are discussed in Section 4. 
The paper closes with a summary and some conclusions. 



2 A Formulation in the Language of Differential 
Geometry 

We formulate in this section the evolution of quantum systems in a differential geometric 
framework^. As we have seen in the preceding section, the evolution operators Uv have the 
properties of parallel transport operators. In general, they act on a fibre bundle ttq : G ^ M 
over the (connected) space-time manifold M. The fibre Gx ■= ttq^^x) over x is isomorphic to a 
Hilbert space 7i. The state of the quantum system, as described by an observer at a; G M, is 
an element of G^- 

For a curve T> : [a, 6] — )• M, U-p maps G-Pa onto G-Pf,- Under suitable differentiablity 
conditions the parallel transport operators U-p have an infinitesimal representation in terms of 
a connection or covariant derivative D on the bundle ttq. In a local coordinate system $ given 

by 



G 



w 



W xn, W CM, G = U Gx, (6) 

^ xew 

D can be expressed as D = d — where A = df^ - Ax^ is the differential on W , and H = dx^ 
is an operator- valued one-form on M. As will be seen shortly, H transforms like a gauge field 
under a change of the frame. In the local frame $, the evolution operator Hc{t) introduced 
above is Hc{t) = H^[C-r)Cl^, where the dot denotes differentiation with respect to the curve 
parameter. Therefore, 

drUc{T,To) = H^{Cr)C!^Uc{T,To). (7) 

Under a change of coordinates 

X = $2 0$i-\ (8) 

the representative (a;,^) = $i(^) of a vector ^ over x in the frame $i is mapped via % into 
the representative [x,V{x)'^) = $2('^) in the frame $2 5 where V{x) is a unitary operator on 
7i (we assume that the structure group of ttq is a group of unitary operators). If H^^ is the 



^We do not attempt to formulate everything in a mathematically rigorous way and rather concentrate on 
the conceptual development instead. 
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generator of parallel translations in the frame $i, then the corresponding generator H^^ in the 
frame $2 is 

Hi^{x) = V{x)Hi^{x)V{x)-^ + dV{x)V{x)-\ (9) 

satisfying (d — H^^)[V'^) = V{d — H^^)^. This transformation law is that of a gauge field. 
The inhomogeneous term arises because the unitary transformation operator V will, in general, 
depend on the space-time point x. 

Up to now, we have just considered the evolution of the state vectors. We now discuss the 
question of observables. Let OJt be a set of observables. We think of yl G OJt as some scalar 
observable like the field strength of a scalar field. In general, however, A may be any scalar 
quantity that can be measured by means of a suitable 'infinitesimal measuring device' at any 
space-time point. It should be noted that the observables A do not carry a space-time index. 
In order to associate observables to space-time points, we assume that there is a mapping (p 
of the set of observables into the algebra of operators on G, such that (p{A) = A^p for A ^ DJl 
maps every fibre into itself. 

In order to calculate expectation values of observables, a Hermitian inner product P[il^,^) = 
(■^1^) for vectors ^ from the same fibre of G is needed. The quantity is 
interpreted as the expectation value for the observable A at the space-time point x if the state 
of the system is described by an observer 5 at a; by means of the state ^ G G^- 

Let the prototype Hilbert space 7i be equipped with the Hermitian inner product [•!•]. Then 
the expression for if), ^ G^ can be written in a local frame $ as 

(^lA^io = mnM^)AM^)\mi (10) 

where P^{x) is a Hermitian operator (Hermitian with respect to [•!•]) representing the inner 
product P in the fibre G^ over a;, and yl^$(a;) is a Hermitian operator (Hermitian with respect 
to [•|P$(a;)-]) corresponding to the observable A. Under the change of frame in Eq. (8) the 
inner product P and the operators A^p transform like 

P^,{x) = V{x)P^,{x)V{x)-\ (11) 
Ai^{x) = V{x)Ai^{x)V{x)-\ (12) 

We assume that the inner product P and the covariant derivative are compatible. In terms of 
the parallel transport operators this means that 

{UvmvO = im. (13) 

where ^, ^ are vectors from the fibre of G over the starting point of T>. 

So far we have considered the prediction by an observer 5 at a; of expectation values for 
measurements of observables at x. We now give a prescription for the prediction of expectation 
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values of measurements aX y ^ x. The idea is simple: let be the state vector used by B at 
X. Choose a curve I) : [a,6] — )• M connecting x = T>a and y = T>b and transport iI^b from x to 
y via ipg = Uv'tpB along T*. Define the expectation value for a measurement of yl at y to be 
(we assume {''Pb\''Pb) ~ -'-)• general, ipg depends on the curve chosen. The 
consistency conditions resulting from this dependence will be discussed in the next section. As 
a preparation of this discussion, we consider the curvature F = of the connection D. F is 
an operator- valued two-form, mapping two tangent vectors w oi the tangent space T^-M of 
M at a; and a vector G into a vector F[v,w)il^ G G^- F is a measure for how much the 
parallel transport around an infinitesimal closed loop fails to be the identity, 

U^ = 1 + t'F{v,w), (14) 

where f3 is the infinitesimal closed loop (r <^ 1) connecting the points [x,x + tv,x -\- tv -\- 
TW, X + TW, x). 

3 Consistency Conditions and the Local Symmetry 
Structure 

We now consider the dependence on the curve I) joining x and y of predictions for measurements 
at y by an observer B at x. Let S be another curve joining x and y; see Fig. 3. The prediction 
will then be {ipg\A^[y)\ipg) . Certainly the expectation value should not depend on the path 
chosen, so we require 

(^I|A^(y)|^I) = (^||A^(y)|^|). (15) 

Thus, 

{Uvi^slAMlUvi^B) = (UMAMlUsi^B). (16) 
This condition can be rewritten as 

{Uvi^BlUo^AMU-' - AMlUvi^B) = 0. (17) 

Here the closed loop a is defined hj a = T> o . The condition has to be satisfied for all y, 
for all il^B G Gx and for all curves I), £ joining x and y. Therefore, since Uv is an isomorphism, 
the condition 

{i\U^A^{y)U-'-AM\i)=^ (18) 
has to hold for all ^ ^ Gy and for all closed loops a located at y. As a consequence, 

[U^,A^{y)] = (19) 

if all vectors ^ are physical. 

The set of all parallel transport operators Ua along closed loops a located at the same point 
y forms a group, the so-called holonomy group S^{y) of the connection D at y. The relation 
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Figure 3: Path independence of expectation values. 

Eq. (19) expresses the fact that the holonomy group at y has to commute with all observables 
at y. The transform states into states and have to leave observables invariant. This is to 
say that they act as local symmetry transformations. These transformations are not related to 
the transformations of the change of coordinates Eq. (8) in Section 2. On the contrary, they 
do transform state vectors non-trivially. 

The holonomy group is a representation of the loop group -C(y) of M at y [2]. The loop 
group as a set consists of classes [a] of closed loops at y, where two loops a, (3 are equivalent, 
a ~ /3, if /3 can be obtained from a by inserting or deleting curve segments of the form 
o JF~-^, see Fig. 4. Group multiplication is defined by [a] o [f3] = [a o and the inverse 
by [a]"^ = [ck""^]. Let £P{y) be the subgroup of -C(y) consisting of the classes [a] of closed 
loops a which are homotopic to 0, i.e. which can be smoothly contracted to the constant curve 
at y. Let S^°{y) be the restricted holonomy group consisting of operators Ua for [a] G ^°{y) 
(see [3]). It is known that S^°{y) is a normal subgroup of i^(y), and that the factor group 
i^(y)/i^°(y) is discrete^. The first homotopy group 7ri(M, y) of the space-time manifold M has 
a representation in this discrete group. Thus the topology of space-time is partly reflected in 
the structure of the observable algebra in the form of a discrete factor group of the group of 
symmetry transformations. The condition [Ua, Atp[y)] = for {a} G 7ri(M, y) {{a} being the 
homotopy class of a) can alternatively be interpreted as a discrete 'quantization condition'. 

If the set of observables OJt is complete in the sense that the condition ti^A^p) = for 
a density matrix for all curves T> and for all observables A ^ DJl has the consequence 
that p = 0, then for all closed loops a the corresponding parallel transport operator is a 
phase transformation, Ua = e'*'". We can construct a 'projective bundle' ttj-q : VG — )• M by 
identifying all G \ {0} with = A'^', A G C\ {0}. The U-p define operators VU-p acting 

^This is true in the case of a finite dimensional bundle. We assume that the same is true in the infinite 
dimensional case^. 
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Figure ^: Equivalent closed loops. 

as parallel transport operators in ttpg. In the case just mentioned, TUv = id. Therefore the 
bundle ttpg is trivial since parallel transport does not depend on the path chosen, and thus a 
global frame can be constructed. 




(S 

Figure 5: The local consistency condition. 

The condition [Ua, A^pi^y)] = for all null homotopic loops can be rewritten in terms of the 
curvature F . For a curve joining x and y we define the operator on Gx by the expression 
U^^ A^[y)Ux> ■ A^ maps Gx into Gx and obviously fulfils the relation 

(^II^^(y)I^I) = (^B|Aj|^B). (20) 

Now we consider a closed loop f3 at x. a = T> o f3 o T>~^ is a closed loop at y, see Fig. 5. The 
consistency condition [Ua, A^p[y)] = can be rewritten as [Uis,A'^] = 0. If we now consider the 
case of an infinitesimal closed loop f3 at x, then the condition finally reads [Fi^^[x),A^] = 0, cf. 
Eq. (14). The curvature tensor at x has to commute with all observables parallel-transported 
to X along arbitrary curves. 

Assume that an observer B at x ^ M wants to give a description of measurements performed 
in a remote space-time region U C M. We assume that U is contractible. Then there is a map 

h : U X I ^ M, (21) 
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where I = [0,1], with the property that h[y,0) = y, 1) = x for all y ^ U (see Fig. 6). 
Mathematically, h is a homotopy of the inclusion map lu : U ^ M and the constant map 
: U M, c^{y) = x. 




Figure 6: A contraction ofUtox. 

Define the family of curves Sy by £y{T) = h[y,T). Thus £y joins y and x. The curves £y 
allow us to define a local representation oi U at x as follows. Define operators 

AM =' A,s, Us, AM = Af . (22) 

A^h{y) is an operator on the fibre G^- The expectation value for A at y ^ given that 5's 
state vector is iI^b-, '^^ ('^b |^¥'/i(y)|'^B)- In a local frame, the operators ^,^£3,1^ satisfy the equation 

d.A^e,\^ = [H,{£^)£!^,A^e,\^. (23) 

Here 'V\t is the restriction of the curve I) : [a,6] — )• M to the interval [a,r]. 

4 Applications 

In order to develop instructive examples, we study a simple class of systems. We assume that 
the space-time manifold is a product M = 5 X T of a 'space' manifold S and a one- dimensional 
'time' manifold T . The bundle under consideration is a trivial bundle G = M X 7i. A point in 
G is of the form [x,t,il^), where x S , t T , if) Ti. Let to T he a fixed instant of time. 
Define St = S X {t}, and in particular = Stg- We assume that there are fields Fi[x) defined 
on ^0 fulfilling 

[Fi{x),Fi{y)] = (24) 
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for X ^ y. z is an index labelling different fields. The parallel transport generators H^^ are 
assumed to have the following property: 

[H,{x,t\Fm = \i{x,t,y)Fj{y), (25) 

where the Xl^[x,t,y) are complex numbers. Now consider the one-parameter set of operators 
Fi£\T = U£\T-^i{y)^e\ 1 '^here is a curve with starting point [y,to). Fi£\^ is a solution of the 
equation 

drFie\^ = [H,{Sr)Si;,Fie\^]. (26) 
We assume S to be fixed. In order to solve this equation explicitly we make the ansatz 

Fieu = 9i{r)F,{y\ ^ = 81. (27) 

Inserting the ansatz into Eq. (26) and making use of Eq. (25), we obtain 

drgiir) = gl{r)\i{S.,y)S^. (28) 

This is an ordinary differential equation for the matrices gfir). The solution will be denoted 
by g^^^-. The solution for Fis^^ is then Fis^^ = gg\^iFj{y). In particular, Fi£ = g^^-Fj{y). Now 
we consider a closed loop (3 at a;, where £ is assumed to connect (y, ^) and a;, see Fig. 7. 




Figure 7: A local symmetry transformation of a field at [y,to). 
Then, in an obvious notation, 

{Fish = Fi^os = gidy)FAy), (29) 

where g'j^oSiiv) — g^i3i{y)gei{y)i gviiv) ^ curve : [a,b] —i- M satisfies the differential 
equation 

drgi\M) = gvUy)M,{^r,y)Vf^ (30) 



with the initial condition g^^^^iy) = S^. 

Under parallel transport along /3, Fi£ is transformed into g''^^{y)Fj£. Now assume a homotopy 
h mapping U C So onto x. The representation of the fields Fi at y = (y, ^o) is Fis^. The 
transformation oi Fis^ depends on y, namely {Fi£^)fi = g''^i{y)Fj£y. Because of this y-dependence, 
the transformations are different for every space-time point: they are local. 

It can easily be seen that the condition for the matrices g^- to be unitary is that 

If this is the case, an observable A invariant under holonomy transformations can be constructed 
hj A = Y^i F^F-. Since g^^gj^ = 1, we obviously have Af^ = A. 

We now consider two explicit examples. The first one is based on three fields T;, z = 1,2,3 
on M = X E. We assume that the T; fulfil the algebra 

[Ti{x), Tj{y)] = i e^/ Tk{x) S{x - y). (32) 

The antisymmetric symbol e is defined by ei2^ = ( — 1), £123 = (+!)• We define the operators 

H^{x) = -i [ dzh'^{x,z)Tk{z), (33) 

J So 

where the h'^[x,z) are real numbers. The commutators of the H/^ with the fields are 

[H,{x),Ti{y)] = hl{x,y)eu^Ti{y). (34) 

Therefore in this case 

= hl{x,y)ek^. (35) 

The condition in Eq. (31) is obviously satisfied. The solutions 5'p|^j(y) of Eq. (30) are therefore 
S0(3)-matrices. For closed curves /3, the parallel transport operator C/g transforms Ti£^ into 
the S0(3)-rotated field g''pi{y)Tj£y. If we moreover assume that the h'^[x,z) are z-independent, 
i.e. 

H^{x) = -ih'^^ix) [ dzTk{z), (36) 

J So 

then the rotation matrices g'j^iiy) are y-independent; the symmetry is global. 

In the second example we assume that the space-time manifold is a torus M = E'^-i X S^: 
this manifold possesses closed timelike curves. We assume fields qi{x), z = 1,2, fulfilling 

[qi{S),qj{y)] = (37) 

and assume that there are conjugated momenta pi{x) such that 

[pi{x), qj{y)] = -i 8ij 8{x - y). (38) 
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The generators H^^ are defined by 

Hpi{x) = \i I Azh^{x,z){pi{z)q2{z) - ■p2{z)qi{z)) + h..c. . (39) 



They satisfy the equation 




are S0(2) = U(l)-matrices; they simply rotate the fields gi, 52 into each other. Finally we 
consider the particularly simple case of quantum mechanics on a closed timelike curve. We set 
d = 1, thus reducing the space manifold 5 to a single point. A closed curve a starting and 
ending in To G can, up to homotopy transformations, be classified by its winding number 
n G Let 



be the 2 X 2-matrix corresponding to a parallel transport of gi and 52 around a closed curve 
with winding number 1. The corresponding transformation for a curve with winding number 
n is ^f". If ^ = 27rm, m G then g = 1. If ^ = 27rg, with q being a rational number, but not 
an integer, then the set {g^} is isomorphic to one of the groups Z;, Z G N, Z > 1. If ^ = 27rr, r 
being an arbitrary irrational number, then the set {g^} is dense in U(l). 

5 Summary and Conclusions 

In this paper we have developed a geometric formulation of quantum theory on a space-time 
manifold. The evolution of the state vector is formulated as a parallel transport along the 
observer's worldline in a vector bundle over the space-time manifold. A non-trivial holonomy 
group of the corresponding connection can be viewed as a local symmetry group since the 
parallel transport of state vectors (or observables) along closed loops should leave expectation 
values invariant. 

The evolution of the state vector is given by a Schrodinger equation and therefore always 
unitary. This may offer the possibility to formulate a consistent unitary quantum field theory 
in the presence of closed timelike curves, where the standard formulation fails [4, 5, 6]. 

Holonomies arise in the case of quantum systems in a different situation as well. A quantum 
system can acquire a non-trivial Berry phase [7, 8] (or one of its non-Abelian generalizations, see 
[9, 10]) if, in the case of adiabatic time evolution, its parameters are changed from the outside. 
In this case time evolution is described by a Hamiltonian H{\{t)), where A(^) denotes the 
set of external time-dependent parameters. Under certain circumstances, a Berry phase is an 
observable quantity. In the theory developed in this paper the situation is different. The objects 
describing the time evolution are the generators of the parallel transport operators themselves. 
The non-trivial phase is acquired if the point of description of the system is parallel-transported 




cos 6 sin 6 



sin 6 cos 6 



(41) 
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along a closed curve in space-time, not in a parameter space. And, finally, the phase is not 
observable. Precisely because of the latter property the non-trivial holonomy gives rise to a 
symmetry. 

Open questions are related to the following issues. 

□ We assumed that the generators H^^ of the parallel transport operators and the represen- 
tation If of the set of observables were given a priori. In order to study realistic models, 
the Hf^ should be derived from some basic principle. It would certainly be desirable to 
make contact with Lagrangian field theories^. 

□ The theory was formulated as a way of describing a quantum field, say, in a background 
space-time. A similar description, however, is applicable for a quantum system located 
in a small region of space being moved around in space-time. The corresponding parallel 
transport operators are then active transformations. 

□ The measurement process must also be formulated consistently. The possibility of a 
non-trivial 'twisted' bundle ttq : G ^ M may be important here. 

□ So far only scalar observables have been considered. The theory can easily be extended 
to vector observables by considering bundles ttg' '■ G' — > TM over the tangent bundle of 
M. Similarly tensor and spinor objects can be treated. In the cases just mentioned a 
new structure has to be constructed: that of state transformations at a point, connecting 
the state vectors of observers whose coordinate systems are related by general coordinate 
transformations. 

□ A further complication arises if the Unruh effect is taken into account: accelerated ob- 
servers will register events even if the system is in the vacuum state [11]. The formalism 
would have to be extended to mixed states, and the set of states would be a bundle 
over the jet bundle of M, thus allowing us to take into account higher derivatives of the 
observer's worldline (i.e. the observer's acceleration). 

□ We have interpreted the holonomy group as a group of local symmetry transformations. 
A very interesting question is whether this local symmetry can in general be related to a 
gauge symmetry acting on internal degrees of freedom. 

■^It is even conceivable to formulate a 'quantum gauge theory' of the 'gauge field' -ff^(a;) and the 'matter 
fields' Fi{x) by means of a 'quantum action' 



where 'tr' is the trace in the corresponding fibre of the vector bundle ttg, -F^i/ is the field strength of ff^ and 
Dfjt = dfjt — Hfjt the covariant derivative, ff^ and Fi would then be the solutions of the classical equations of 
motion derived from the variational principle 6S = Q. 




(42) 
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□ A final remark concerns the use of a classical background space-time. A similar formula- 
tion of quantum theory should be possible as soon as the 'background structure' admits 
the geometric objects used in this paper, i.e. bundles and parallel transport operators. 
This remark may apply to non- commutative structures [12] and to quantum spaces [13], 
but also to quantum sets [14] and to algebraic and geometric lattices. 
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